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Abstract
This paper addresses the problem of choosing the multinomials that should compose a polynomial mathematical model
starting from data. The mathematical representation used is a nonlinear differential equation of the polynomial type. Some
approaches that have been used in the context of discrete-time models are adapted and applied to continuous-time models.
Two examples are included to illustrate the main ideas. Models obtained with and without structure selection are compared
using topological analysis. The main differences between structure-selected models and complete structure models are: (i)
the former are more parsimonious than the latter, (ii) a predefined fixed-point configuration can be guaranteed for the former,
and (iii) the former set of models produce attractors that are topologically closer to the original attractor than those produced
by the complete structure models. © 2001 Elsevier Science B.V. All rights reserved.
Keywords: Structure selection; Topological analysis; Equations of motion from data

1. Introduction
It is an accepted fact that one of the great challenges in science is to obtain mathematical models that are able to
explain and reproduce observed phenomena. A second challenge is to be able to construct such models from observed
data. In order to do so, one must choose a mathematical representation to work with and subsequently define the
model structure. Finally, assuming the representation is parametric, the model parameters are estimated in such a
way as to optimally fit the data according to a given criterion. At present there are a number of global mathematical
representations such as discrete autoregressive-type models [8], continuous-time models [6,12,19,22,23,30,39,41],
radial basis function models [10,14] and even a composition of more than one type of basis functions [9,25]. Which
to choose depends largely on the problem at hand, on the number and quality of the data and on a diversity of
subjective reasons such as acquaintance with a particular representation and personal experience. Many of the
aforementioned representations have been compared in [15].
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On the other hand, the choice of the model structure, i.e. the selection of the basis functions (regressors) that will
compose the model is critical in most cases, regardless of the representation being used. The main motivation for
estimating models with simplified structure is not computational, but rather dynamical, in the sense that models
with incorrect structure typically display spurious dynamical regimes and may have a wrong configuration of fixed
points (incorrect number and with different symmetry properties). Consequently, much attention has been devoted
to the problem of how to adequately choose a parsimonious structure for nonlinear models [3,7,8,11,16,26,38].
Quite surprisingly, it seems that all such papers concern discrete-time models with the exception of the papers
by Brown and colleagues and that by Bezruchko and Smirnov. Both papers deal with continuous-time models. In
the former the authors delete certain subsets of terms from the entire candidate set in order to guarantee specific
symmetry properties of the model function. In the latter, the authors consider the specific case of harmonically driven
systems.
This paper discusses the application of structure-selection techniques to continuous-time polynomial models.
Such a representation, to be described in Section 2.1, has been used with success to model real nonlinear systems
from observed data. So far, no general structure-selection technique has been applied to such models [34,36]. This
will be done and discussed in the present work. The procedure will be tested on simulated and real-data examples
as discussed in Section 3. The results will be compared to those obtained without structure selection and the main
advantages and difficulties of the procedure will be summarized in Section 4.

2. Modeling from data
2.1. The model representation
Consider a continuous-time dynamical system described by a set of ordinary differential equations,
ẋ = f(x; µ),

(1)

where x(t) ∈ Rn is a vector-valued function depending on a parameter t called the time and f, the so-called vector
field, is an n-component smooth function generating a flow φt . Also, µ ∈ Rp is the parameter vector with p
components, assumed to be constant in this work. The system (1) is called the original system and for, say, n = 3
can be written as
ẋ = f1 (x, y, z),

ẏ = f2 (x, y, z),

ż = f3 (x, y, z).

(2)

It is now assumed that the observer numerically records a single scalar time series. By convention, in this section,
the observable is taken to be X1 = x.
The aim is then to model a vector field equivalent to the original system using a basis consisting of the observable
and its derivatives such as
Ẋ1 = X2 ,

Ẋ2 = X3 ,

...,

Ẋde = F (X1 , X2 , . . . , Xde ),

(3)

where de is the embedding dimension and F depends on the de variables which are x and the (de − 1) successive
derivatives of x. F is called the model function and can be estimated by using a multivariate polynomial basis on
nets [23] which may be built by means of a Gram–Schmidt orthogonalization procedure. The algorithm requires the
definition of modeling parameters which are (i) de , the embedding dimension, (ii) Nc , the number of points from
the data and their derivatives at which the function is evaluated. Such points will be referred to as centers in this
paper, (iii) t, the time step between two successive centers. In general t is constant, but this is not a requirement,
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(iv) Np , the number of retained multinomials and (v) τw , the window length on which the derivatives are computed
by using polynomial interpolation over the window. Derivatives are then obtained by analytical differentiation. The
estimated model function, F̂ , is
F̂ (X1 , X2 , . . . , Xde ) =

Np


θp ψ p ,

(4)

p=1

where θp are the parameters and ψ p are multivariate monomials (or multinomials) of the form
n

ψ p = X1n1 , X2n2 , . . . , Xdede ,

(5)

where the integers p are related to nde -uplets (n1 , n2 , . . . , nde ) by a bijective relationship discussed in [23]. The
modeling parameters de , Nc , t, Np and τw can be determined with the aid of an error function. Typically, at
least 50 points per pseudo-period are required for a correct computation of the derivatives. When less than 50
samples per cycle are available, the data must be interpolated and/or smoothed in some way. In order to realize a
spectrum-preserving interpolation, a Fourier method, based on zero padding of the direct Fourier Transform of the
original time series may be used. This procedure is not sensitive to the number of bits used in digitization since a
slight smoothing allows to recover a sufficient continuity between two successive points.
Writing (4) at Nc centers on the data yields a set of Nc equations of the form

  r1

Ẋde (1)
ψ (1) · · · ψ rnp (1) 

θr1

  r1

 Ẋde (2)   ψ (2) · · · ψ rnp (2)  

 
 . 

=
 . 
,



 . 
.
.
.

..
..
..

 


 

θrnp
Ẋde (Nc )
ψ r1 (Nc ) · · · ψ rnp (Nc )
ẋ = Ψ θ,

(6)

where ri = rj and 1 ≤ r1, . . . , rnp ≤ Np and the numbers inside the parentheses indicate to which center the
variable is related. It should be noted that at each center only one variable is measured and the successive derivatives
are estimated. Once the model structure is determined (more on this in the next section) the parameter vector θ̂ =
[ θ̂r1 . . . θ̂rnp ]T can be estimated by standard least-squares techniques. The choice of which multinomials should
compose the model, i.e. the choice of r1, . . . , rnp , is fundamental in modeling problems and will be described in
what follows.
2.2. Structure selection
The structure-selection problem in the continuous-time polynomial representation is to choose which multinomials ψ p , out of a finite candidate set, should be included in the estimated model (4). The chosen multinomials (terms)
should be the most relevant ones to the particular system under study. This section discusses different approaches
help to select the most important terms of a model.
The first technique is to use information about the minimum number and possible symmetry of the original system
fixed points. Using prior knowledge seems to be realistic even in the case where experimental data are investigated.
For the continuous model (3) the fixed points are calculated taking
X2 = 0,

X3 = 0,

...,



i=1

θi (X1 )i = 0,

(7)
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where the θi are the coefficients of the monomials which are independent of the coordinates X2 , X3 , . . . , Xde and
 = n1 + n2 + · · · + nde is the degree of nonlinearity. So, from (7), it is clear that only multinomials of the form X1i
determine the values of the  fixed points. Moreover, if one knows how many fixed points are there in the original
system and if  is set to such a value, the estimated model will have the same number of fixed points as the original
system by construction. Also, information about the fixed-point symmetry is clearly related to the terms of the form
(X1 )i [2]. Information about the minimum number and possible symmetry of fixed points can be estimated directly
from data [4]. A similar equivalent approach has been described in [11], but in that case the multinomials were
deleted from the set of candidates based on symmetry properties of the functional form and not of the model fixed
points.
Eq. (7) shows that for continuous-time models a relatively small number of terms is related to the model fixed
points. Therefore, a major question still remains, namely which multinomials that do not affect the location and
number of fixed points should be included in the model? In order to provide an answer to this question a second
technique will be described which is based on a criterion known as the error reduction ratio (ERR) [8].
The ERR approach seems to be generally applicable since recently it was successfully applied to different type
of model representations such as Volterra series [21] and forward neural networks [24]. Such a criterion is here
used and applied to models of the form (3), apparently for the first time and are not restricted to systems with any
particular type of symmetry. As a matter of fact such an approach can be applied in any problem in which a subset
of regressors need to be chosen from a (usually much) larger set of candidates as for instance the choice of a limited
number of centers of radial basis function models [17].
First, parameter estimation is performed for a linear-in-the-parameters model of the type
Ẋde (t) =

Np


gi wi (t) + ξ(t),

(8)

i=1

where ξ(t) is the error obtained when approximating Ẋde (t) with the independent variables wi (t), i = 1, . . . , Np ;
gi are constant parameters and wi (t) are constructed to be orthogonal over the data records, i.e.
N

c
1 
wi (t)wj (t) = 0,
Nc

wi (t)wj (t) = 0

∀i = j,

(9)

t=1

or simply wi , wj  = 0, where wi = [ wi (1) . . . wi (Nc ) ]T . In what follows, sometimes the argument t will be
omitted but it should be borne in mind that for the continuous-time models, each restriction of the matrix equation
(6) corresponds to a specific time (center). This is one of the greatest differences between the continuous and
discrete-time model representations. The sum of square values of Ẋde is Ẋde , Ẋde  or simply ẊdTe Ẋde . Therefore,
multiplying (8) by itself yields

 

Np
Np


Ẋd2e =  ĝi wi (t) + ξ(t) ×  ĝj wj (t) + ξ(t) .
(10)
i=1

j =1

Taking the time average of (10) over the data records results in
Ẋde , Ẋde  =

Np

i=1

=

Np

i=1

ĝi2 wi , wi  +

Np

i=1,j =1 ∀i =j

ĝi2 wi , wi  + ξ, ξ.

2ĝi ĝj wi , wj  + 2

Np


ĝi wi , ξ + ξ, ξ

i=1

(11)
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The last step in Eq. (11) was obtained remembering that, by construction, the regressors wi are orthogonal over the
data and assuming that they are not correlated to the error vector ξ.
An interpretation of Eq. (11) is that the mean square value of Ẋde (t) can be explained, using an orthogonal basis,
as the summation of the square values of each orthogonal regressor multiplied by the respective squared parameter.
The part that remains unexplained by the regressors equals the addition of the squared values of the error, ξ(t).
Therefore, Eq. (11) enables one to quantify the importance of each independent variable, individually. To see
this more clearly, consider the case in which the model is empty, i.e. Np = 0. Obviously, in this case the “model”
error is the entire observed signal, because the model does not explain the data at all. If the ith independent variable
is added to the model, then the explained part is now ĝi2 wi , wi . Hence the ERR due to the inclusion of the ith
independent variable can be expressed in terms of the signal mean square value Xde , Ẋde  as [8]
[ERR]i =

ĝi2 wi , wi 
Ẋde , Ẋde 

,

i = 1, 2, . . . , Np .

(12)

Therefore the choice of the best independent variables among a large set of candidates can be accomplished selecting
those with largest ERR. Also, for model (8), represented using an orthogonal basis, the parameters can be determined
by
ĝi =

wi , Ẋde 
,
wi , wi 

i = 1, . . . , Np .

(13)

In Appendix A, an algorithm is described that uses (12) and (13) to choose the most important regressors and
estimate the respective parameters, simultaneously. Similar algorithms are the singular value decomposition (SVD)
and principal component analysis (PCA) [20]. Some of these methods have been compared in the context of model
selection in [18] and more recently in [24] where it has been reported that the ERR implementation runs typically
much faster than the conventional SVD algorithm. Another interesting difference (see Appendix A) is that there is
an available algorithm that estimates parameter and performs structure selection iteratively.

3. Results
3.1. The Lorenz system
This section will consider the well-known Lorenz system [37]. To start with, 10 000 data points with 100 samples
per pseudo-period were taken from the z variable in order to obtain a model. From such a time series 1125 centers
were used. In this section, in addition to the structure-selection problem of choosing which terms should compose
the model, the influence of center selection is also considered. It is pointed out that because the z variable is
being observed, the symmetry plays no role in this problem because it is “invisible” from such an observable [32].
Therefore, this example illustrates the case in which the method is applied to systems with no symmetry.
The embedding dimension was estimated using the algorithm described in [13] which indicated that a 3D reconstructed phase space will suffice to describe the dynamics of the Lorenz system as observed from the z variable. One
way of obtaining a model, without structure selection, is to predetermine an order of including each of the possible
multinomials and gradually increase the number of such terms, Np , until a valid model is obtained. However, if no
good model is found, some of the modeling parameters can be altered and the procedure is repeated. An important
feature of this approach is that the terms are always introduced into the model in the same predefined order [23]. Of
course, testing all possible combinations would be so computationally demanding that it was not tried. The ERR
criterion (12) will provide an alternative way to order all the possible multinomials.
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If no structure selection is performed very few models are found that produce an attractor close to the original
one. On the other hand, performing structure selection and choosing the centers equally spaced in time results in
significant improvement. By centers here it is meant the points in state space used to write the set of restrictions. At
these points the flow is approximated by a polynomial as seen in Eq. (4). In the context of radial basis functions, the
centers have a different interpretation but still it seems that the problem of center selection in both representations is
similar. The choice of centers in the context of radial basis functions has been investigated in [10,42]. Fig. 1 shows
bi-dimensional projections of the original and model attractors. The original attractor is here the one induced by
the z variable of the Lorenz system, i.e. embedded in the differential space spanned on the derivative coordinates
(X, Y, Z) = (z, ż, z̈) computed from the original dynamics. The use of differential embedding induced by the z
variable, rather than the original phase portrait thus simplifies the comparison between the model attractors and the
original system. In this case, no prior knowledge about fixed points is used but only the automatic ERR structure
selection. Perhaps the main difference observed is that models with Np = 24, Np = 46 and Np = 13 produce
attractors that are less developed than the original, i.e. the population of periodic orbits is not so large. On the other
hand, the model with Np = 50 terms is only slightly different from the model with Np = 13.
A glance at the attractors shown in Fig. 1 reveals that structure selection combined with center selection has indeed
enabled to obtain a very competitive model that has nearly four times less terms than the best model obtained without
structure selection. In this way, it was possible to obtain a 13-term model that reproduces the original dynamics
very well. No doubt, simply pruning the 50-term model down to the first 13 terms and estimating parameters anew
does not yield a good model at all.
In this example, the choice of centers equally spaced in phase space proved helpful to improve model performance,
in particular it helps to obtain models with attractors that have population of periodic orbits closer to the original.
To understand the reason for this, consider Fig. 2 where the probability of the system visiting different regions of
the Poincaré section P is shown. Clearly, the center of the Poincaré section is visited more often than the periphery.
This means to say that if the centers are chosen to be equally spaced in time, as it usually happens, there is a high
chance that very few or even no centers are chosen at the periphery of the attractor. Consequently, the modeling
algorithm will have very little information of the dynamics in this part of the attractor. Conversely, most of the
dynamical information will be related to the center of the chaotic band. This partially explains why models with
Np = 24 and Np = 46 terms have approximately the right shape but fail to extend to the limits of the original
attractor. When the centers are chosen equally spaced in the state space, the various parts of the attractor are equally
well presented to the modeling algorithm. The main result of this was an obvious extension of the first-return map,
as can be seen from Fig. 3d.
It is also important to notice that it becomes very difficult to decide from the bi-dimensional projections of Fig. 1
which is the best model between the two obtained using center selection. In order to do so, such models will be
compared using topological analysis.
Although the original system is equivariant, the z-induced original attractor is not, since it is reconstructed from
the variable that remains unchanged under the rotation symmetry [29,32]. In such a case, a Poincaré section is
defined as,
P ≡ {(Yn , Zn ) ∈ R2 |Xn = R − 1, Ẋn > 0}.
The first-return map to the Poincaré section P computed for the original dynamics (Fig. 3a) is equivalent to the
Lorenz map obtained by Lorenz [37]. The other maps shown in Fig. 3 were computed from the models. Depending on
the model used, the shape of the first-return map may differ significantly from the original one. It becomes apparent
that the models with Np = 24 and Np = 46 terms are inadequate. On the other hand, models with Np = 50 and
Np = 13 terms are quite similar. The two main differences seem to be the following. The attractor of the model
with Np = 13 terms has a slightly smaller number of periodic orbits than for the 50-term model. In fact, only three
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Fig. 1. Bi-dimensional projections of Lorenz attractor reconstructed (a) from the simulated z variable, and estimated models with (b) 46 terms,
(c) 24 terms, (d) 50 terms and (e) 13 terms. For models in (b) and (c) the centers were chosen equally spaced in time, whereas for (d) and (e) the
centers were chosen equally spaced in phase space. Moreover, the ERR criterion has been applied to obtain the models with attractors (c) and
(e).
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Fig. 2. Probability density function of visits to the Poincaré section. The middle part of the strip is more visited than the periphery.

out of 67 periodic orbits with period less than 9 are not found within the attractor generated by the former. On the
other hand, the model with Np = 50 terms reveals a layered structure at the cusp. These ghost effects have been
previously related to detrimental effects of over-parametrization in discrete-time models [1] and the same seems to
be true for the present continuous-time models. This scenario has been avoided by means of the structure-selection
procedure presented in Section 2.2. Note that the validation techniques here used are not restricted to 3D systems.
3.2. Circuit and data
The system under study is the well-known Chua’s circuit, shown in Fig. 4. In this circuit, the nonlinearity comes
from the so-called Chua’s diode. The equations that describe the circuit are
C1

dv1
v2 − v1
=
− id (v1 ),
dt
R

C2

dv2
v1 − v2
=
+ iL ,
dt
R

L

diL
= −v2 ,
dt

(14)

where vi is the voltage across capacitor Ci , iL is the current through the inductor and the current through Chua’s
diode is given by


 m0 v1 + Bp (m0 − m1 ), v1 < −Bp ,
id (v1 ) = m1 v1 ,
(15)
|v1 | ≤ Bp ,


m0 v1 + Bp (m1 − m0 ), v1 > +Bp .
The following component values were used: C1 = 11.0 F, C2 = 45 F, L = 22 H and R is a 2.0 k( trimpot. Chua’s
diode was built using the two-operational-amplifier configuration suggested in [27] and the following parameters
were measured: m0 = −0.37 ± 0.04 mS, m1 = −0.68 ± 0.04 mS and Bp = 1.1 ± 0.2 V. This system has an
inversion symmetry as discussed in [33]. It has three fixed points, one located at the origin of the phase space, and
two, one being symmetric from the other, which have coordinates (v1 , v2 , iL ) = (Bp (m0 ± m1 )/(1/R − m0 ),
0, −Bp (m0 ± m1 )/(1 − Rm0 )).
Varying the trimpot R, the dynamics of this circuit settles to several different regular and chaotic attractors. Of
particular interest in this paper will be the double-scroll attractor attained at R ≈ 1800 (. In what follows, the
observable was the voltage across the capacitor which is connected in parallel with Chua’s diode. The data were
collected from a real implementation of Chua’s circuit. A 12 bit A/D acquisition board was used working at a
sampling rate of 300 Hz. The whole data set is composed of 105 observations with approximately 100 samples per
pseudo-period.
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Fig. 3. First-return maps to the Poincaré section of Lorenz attractor obtained from (a) the simulated z variable, and estimated models with: (b)
46 terms, (c) 24 terms, (d) 50 terms and (e) 13 terms. For models in (b) and (c) the centers were chosen equally spaced in time, whereas for (d)
and (e) the centers were chosen equally spaced in phase space. Moreover, the ERR criterion has been applied to obtain models with attractors
(c) and (e).
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Fig. 4. (a) Chua’s circuit, and (b) Chua’s diode.

3.2.1. The parsimonious models
A 38-term model was obtained from the training time series without any structure selection, therefore, hereafter, such a model will be referred to as the full model. Conversely, the models obtained implementing the
structure-selection procedure described in Section 2.2 will be referred to as parsimonious models in the sense
that all such models will have less than 38 terms.
The parsimonious models were obtained by deleting the constant and (X1 )2 terms from the set of candidate
multinomials. This is done to guarantee fixed-point symmetry in the estimated models, as discussed in the beginning
of Section 2.2. The remaining terms in the model were automatically selected using (12). It should be noted that
the order in which the terms are included into the model now is totally different from that of the full model. As will
be seen below, this can result in parsimonious models with better dynamics and less terms.
3.2.2. Topological characterization
The chaotic attractor is embedded in a space spanned by the successive derivatives of the experimentally recorded
time series, x. Such an embedding will permit the comparison of the state portrait reconstructed from the experimental
data with the portrait generated by the model. The phase space reconstructed from the recorded time series has an
embedding dimension equal to three as estimated by the algorithm described in [13], which coincides with the
dimension of the original phase space. However, five derivative coordinates were used to obtain a global model.
The two extra coordinates are required to obtain a good model. A similar feature has been observed when a global
model is attempted from the z variable of the Rössler system. Only a 4D model has been obtained for successfully
reproducing the dynamics [35]. In the present case, such an increase in the number of dynamical variables might
result from the fact that the model function must be sufficiently complex to reproduce the discontinuous nonlinearity
by a continuous polynomial of low degree.
Since the original dynamics can be embedded in a 3D space, only the first three coordinates will be used to
characterize the topological structure of the reconstructed state space. Therefore, the first three coordinates are

 X1 = x(t),


x =  X2 = ẋ,
(16)

 X = ẍ.
3

The chaotic attractor is displayed in Fig. 5. Since the system presents an order two inversion symmetry, every point
in the time series may have a counterpart on the opposite side of the attractor. Consequently, the reconstructed
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Fig. 5. Plane projection of the x-induced attractor generated by the experiments.

attractor should also present an inversion symmetry [32]. This information will be used at the end of this section and
will prove to be useful in enhancing model quality. The phase portrait reconstructed from the x time series presents
an inversion symmetry characterized by an operator γ , i.e.
γ F(x) = F(γ x),
where



−1


γ ≡
 0
0

0
−1
0

(17)

0




0 


(18)

−1

and F is the vector field associated with the model. This symmetry property is the one observed on the original
phase space since the set of Eq. (14) is also equivariant with respect to the same operator γ . Since the double-scroll
attractor is investigated, the original attractor is globally invariant under the action of the operator γ .
It has been shown that in the presence of symmetries, the dynamics could be advantageously analyzed in a
fundamental domain modding out the symmetry properties [32] or more rigorously with the help of an image
system [31]. The analysis then provides characteristic features associated with the underlying dynamics. It has also
been illustrated that such a fundamental characterization could greatly simplify the analysis [33].
Again, the analysis of the dynamics starts with the computation of a first-return map obtained from a Poincaré
section. In the case of a symmetric attractor, a fundamental map is used. This can be viewed as a first-return map
to a Poincaré set defined as
{(X2 , X3 ) ∈ R2 |X1 = 1.9, X2 < 0} ∪ {(X2 , X3 ) ∈ R2 |X1 = 1.9, X2 > 0}

(19)

built on the absolute value of one of the two variables (X1 , X2 ). The first-return map shown in Fig. 6 presents two
critical points. The fact that this map does not exhibit any layered structure, confirms the hypothesis of symmetry.
3.2.3. Model validation
The first step in the validation was a simple visualization of plane projections of the attractors produced by each
of the identified models. Many models were either unstable or simply settled to attractors very different from the
original one. See Table 1 for a summary of these results for both the original and new procedures.
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Fig. 6. Fundamental first-return map of the attractor reconstructed from the experimental data.

After this step 16 models were chosen as candidates. In a second step the largest Lyapunov exponents were
estimated and this reduced the number of candidates down to three, namely the 29, 32 and 36-term models. In
order to help comparisons, besides those three models the 18-term model was selected to perform the topological
characterization. Fig. 7 shows the projections of the model attractors. It is pointed out that it would be quite difficult
to choose any particular model solely based on these results.
The third step was to compare the fundamental first-return map computed for attractors generated by the models
with the one associated with the experimental data, as shown in Fig. 8. According to this criterion, two other models
are rejected. Indeed, models with 36 and 38 terms are characterized by fundamental first-return maps that have a
layered structure which is not observed in the experimental data. In the case of the 36-term model, the only structure
selection performed was based on fixed-point symmetry. The layered structure of the first-return maps of models
with 36 and 38 terms could be an indication of over-parametrization [1]. As a result of this, the system becomes
unsymmetrical [33].
On the other hand, the first-return maps of models with 29 and 32 terms are much closer to the experimental one
and despite the differences, it seems fair to conclude that structure selection has been able to reduce the complexity
of the full model resulting in parsimonious models with improved dynamics.
A possible reason for the modeling difficulties observed in this example is related to the fact that the flow is
very fast in the vicinity of the trivial fixed point. In practice that means that very few centers are available in that
region and therefore approximation of the flow around the trivial fixed point is generally poor. It is noteworthy that
no such shortcoming is observed when discrete-time models are used [3]. Another important difference that could
Table 1
Resulting dynamics of estimated models obtained without and with structure selectiona
Structure selection

Unstable
Fixed-point or limit cycle
Spiral chaos
Double-scroll chaos
a

Without (10 ≤ Np ≤ 38)

With (8 ≤ Np ≤ 36)

18
10
–
1

4
9
–
16

The values inside the parenthesis represents the range of terms covered.
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Fig. 7. Plane (x × ẋ) ≡ (X1 × X2 ) projections of the original attractor, the four parsimonious models and the full model (Np = 38).

be partially responsible for the different performances presented by these two representations is that whereas the
parameters of a discrete model are usually estimated such as to minimize the one-step-ahead predictions, in the case
of differential models the parameters minimize the flow at certain points (the centers) in state space.
The aforementioned difficulties and alternative solutions, such as deliberately choosing more centers close to the
trivial fixed point, are currently being investigated and will be reported in a forthcoming paper. Nonetheless, the main
point for now is that the techniques discussed in Section 2.2 can be used to obtain parsimonious continuous-time
models.

Fig. 8. First-return maps for the five different models.
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The shortcomings of the identified models have been revealed mainly by a more detailed validation, using
topological analysis. If such models had been validated using less exacting tools, as is usually the case in the
literature, they would look very much alike and quite accurate.
As pointed out previously, because the system has an order two inversion symmetry, it is obviously desirable that
the same should be true for the model. In order to help the algorithm account for this, a new model was obtained
using a measure which respects the symmetry of the attractor, that is for each point in the differential embedding
space, a symmetrical counterpart was included in the data used to estimate the model. For instance, if the original
data set had the point x = [ X1 X2 . . . X5 ]T , then the mirror image of such a point, −x, was inserted in the data
set before choosing the centers. The modeling procedure outlined before was exactly the same in this case. For
Nc = 2000 and Np = 20-term model was found. The first-return map of which is shown in Fig. 9. It is interesting
to point out that among the candidate multinomials there are constant, linear, quadratic and cubic terms and that
the ERR algorithm automatically excluded from this model the constant and quadratic terms which, if present,
would destroy symmetry of the flow. Consequently symmetry of fixed points is still guaranteed because of the
lack of the two terms: constant and X12 . It should be mentioned that this model possesses an important property
of the experimental flow that is not shared by the other models since all the models mentioned in Fig. 8 have
symmetric fixed points but the related flow is not symmetric due to the presence of quadratic terms of the form
Xi Xj (∀i, j = 1).
Although improvement in some sense can be observed, the identified model still reveals difficulties in reproducing
the original dynamics. Another two important differences are: the first-return map does not present the layered
(ghostly) structure as before. This is a signature of perfect symmetry as pointed out in [33]. Secondly, the maximum
of the first-return map shown in Fig. 9 does not coincide with the x = y line as observed in other models (Fig.
8), this has important consequences in the resulting population of periodic orbits. As a matter of fact, for the
Np = 20 model the location of this maximum in relation to the x = y line is very similar to that of the experimental
dynamics (Fig. 8). Moreover, the 20-term model map allows to define a clear partition of the attractor, unlike for
the previous models. Nevertheless, because of the third branch which is increasing, rather than decreasing, as seen
in the experimental map (Fig. 8), the topology of part of the attractor is different. Indeed, when linking numbers,
i.e. the half sum of oriented crossings are computed, some differences are observed between the model and the
dynamics underlying the experimental data. For instance, the pair of periodic orbits encoded by (200) and (10)

Fig. 9. Phase portrait (a) and the corresponding first-return map (b) generated by the symmetrical model. This model has 20 terms, Np = 20.
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Fig. 10. (a) Experimental dynamics, and (b) model dynamics. The linking numbers between periodic orbits encoded by (200) and (10) is equal to
−2 for both the experimental dynamics and the 20-term model dynamics. Nevertheless, the period-2 orbit does not present the same symmetry
properties. See text for a possible explanation.

are displayed for the experimental dynamics (Fig. 10a) and for the 20-term model (Fig. 10b). The linking number
lk(200, 10) is equal to −2 in both cases but it is noticed that the period-2 orbit of the model is a symmetric orbit,
i.e. it visits the two scrolls in the same way, whereas it is asymmetric and confined in to a single scroll for the
dynamics underlying the experimental data. Such an example confirms that the experimental and the 20-term model
attractors are not topologically equivalent although both attractors are rather difficult to distinguish by simple visual
inspection. A likely reason for such a difference is the third increasing branch in the first-return map of the model,
as shown in Fig. 9b, which is not observed for the experimental dynamics. Interestingly, however, the first-return
map of a Chua-type circuit with a smooth nonlinearity [28] also presents a similar increasing branch. At this stage, it
seems correct to conjecture that the appearance of a third increasing branch might come as a limitation of the model
representation used, since it will always yield a smooth nonlinearity rather than a piecewise-linear (see Fig. 4b)
one of the actual system. Details on how such a topological analysis is carried out can be found in [33]. Note that
computing linking numbers is only possible for 3D phase portraits.

4. Conclusion
This paper has discussed the application of structure-selection techniques applied to a continuous-time model
representation. Model structure is chosen based on an ERR criterion (12) that does not require any prior knowledge
about the system. The number of fixed points may also be used for selecting the model structure. When the original
system has symmetry properties, they can be used to constrain the model structure. The new procedure was tested
using both simulated and real data from the Lorenz system and an implementation of an electronic oscillator,
respectively. As a result, models with fewer terms and better dynamics were obtained. Model performance was
assessed by visual inspection of the attractor geometry, largest Lyapunov exponent and, mainly, topological analysis.
Whereas the first two criteria can only disqualify very bad models, topological characterization of attractors enables
a much more detailed validation. In fact, the detrimental effects of (slight) over-parametrization can hardly be
perceived using commonly used criteria for model validation.
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Finally, it is mentioned that the identification procedure is sensitive to the number and location of centers (as for
other representations) and to the quality of the estimated derivatives. Also, the application of the structure-selection
procedure is sometimes sensitive to the set of candidate terms. Such problems are not unknown in the related
literature and the search for appropriate solutions is currently an open field of research.
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Appendix A. Simultaneous structure selection and parameter estimation
The starting point is to compose the following regressor matrix with all the candidate terms included. This should
be accomplished before the first iteration. Therefore,
(0)

Ψ̃ (0) = [Ψ

(0)

Ẋde ] = [ ψ1 . . . ψNp

(0)

Ẋde ].

(A.1)

Matrix Vk ∈ Rk×k is a submatrix of V ∈ RNp ×Np that can be obtained by deleting rows and columns from k + 1
to Np . Matrix V is a top triangular matrix obtained by decomposition of the regressor matrix Ψ by means of a
orthonormal matrix Q, i.e.
 
V
QΨ =
.
(A.2)
0
After performing k − 1 Householder transformations, H (1) , . . . , H (k−1) , were performed to matrix Ψ̃ (0) , we have


Vk−1

(k−1)
(k−1)
(k−1) 
Ẋde
ψj
. . . ψNp
Ψ̃ (k−1) = 
(A.3)
,
0
where 0 is an (N − k + 1) × (k − 1) matrix. A model that contains the first k − 1 regressors and respective parameters
will have the following residual sum of squares:
∗(k−1)

JMQ

=

Nc

i=k

(k−1)

where Ẋde ,i

(k−1)

(Ẋde ,i )2 ,

(A.4)
(k−1)

denotes the variable Ẋde at the ith center after (k − 1) transformations. Of course, Ẋde

(k−1)
[ Ẋd(k−1)
. . . Ẋde ,Nc ]T .
e ,1

H (k) ,

Ψ̃ (k−1)

When the kth transformation,
is applied to
one obtains
regressor is then added to the model the residual sum of squares (A.4) is reduced to
∗(k)

JMQ =

Nc

i=k

(k−1)

(k)

(Ẋde ,i )2 − (Ẋde ,j )2 =

Nc


Ψ̃ (k)

=

and if the new

(k)

(Ẋde ,i )2 .

i=k+1

(k−1)

(k−1)

(k)

Hence the objective is to choose among the columns of ψj
, . . . , ψNp that one for which (Ẋde ,j )2 is largest.
In other words, in the kth iteration the kth regressor should be chosen such that, when included in the model, it will
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result in the greatest reduction of the residual sum of squares. In order to do so, the following variables should be
determined:
(k)

aj =
(k)

bj =

Nc


) ,

j = k, . . . , Np ,

(A.5)

i=k
Nc

i=k

(k−1)

where ψ̃ij

(k−1) 2

(ψ̃ij

(k−1)

ψ̃ij

(k−1)

Ẋde ,i ,

j = k, . . . , Np ,

(A.6)

is the (ij)th element of matrix Ψ̃ (k−1) . The benefit of including the j th regressor into the model can
(k)

(k)

(k)

be quantified using the ERR of such a regressor (Ẋde ,j )2 / Ẋde , Ẋde  or expressing it in terms of aj and bj (see
(12))

 (k) 2
2
(k)
(k)
(k)
(k)
(k)
aj
aj
(ĝj )2 aj
bj
(bj )2
wj , Ẋde 
(k)
.
(A.7)
[ERR]j =
=
=
= (k)
(k)
wj , wj 
Ẋde , Ẋde 
Ẋde , Ẋde 
Ẋde , Ẋde 
aj
aj Ẋde , Ẋde 
It is important to notice that the j th regressor (j = k) will be included in the model at the kth iteration, after
(k)
(k)
(k)
k − 1 Householder transformations. [ERR]j depends on aj and bj , which, on their turn, are determined after
the (k − 1)th Householder transformation, as can be seen from (A.5) and (A.6). Finally, the structure-selection
(k)
procedure at the kth iteration consists of determining [ERR]j for all the candidate regressors that have not yet been
included in the model, i.e. j = k, . . . , Np . Denoting jm the index for which the maximum occurs, the kth and jm th
columns of Φ̃ (k−1) should be exchanged. After such permutation, the kth Householder transformation is performed.
The objective of using the ERR is to enable the user to arrange a set of candidate regressors in descending order
of relevance. The best number of terms to compose the model, i.e. the cutting point at which the ERR will stop
including terms in the model can be determined using other complimentary criteria such as Akaike’s or Rissanen’s
information criteria [5,40].
The aforementioned algorithm uses the Householder transformation as a means to achieve orthogonalization.
Other algorithms exist such as the classical and modified Gram–Schmidt and have been compared in [18].
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