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ABSTRACT

This supplementary materials provides a detailed comparison between the symbolic approach we developed and the procedure
based on inference graphs as introduced by Liu and coworkers’. The number of possible combinations are details and all
combinations providing a full observability were checked by an analytical computation of the determinant of the corresponding
observability matrix.

1 Comparison with the approach using inference diagram

In Liu and coworkers’ approach,' the first step is to consider the so-called inference diagram by drawing an oriented link x; — x |
when x; occurs in the ith governing equation (X;) of the system. Links (auto-loops) x; — x; are discarded since they do not
contribute to the connectivity of the network. Then the inference diagram is decomposed into strongly connected components
(SCC) in such a way that any pair of nodes belonging to a given SCC are connected via an oriented path. When there is no
incoming links from a node outside of a given SCC, such SCC is a root SCC, as the ones encircled by dashed lines in Figs. 1-4.
It is then assumed that it is sufficient to measure one variable in each root SCC for estimating the states of the network.

For instance, the Rossler system2

X=-y—z
y=x+ay ey
z=b+z(x—c)

is characterized by the inference diagram shown in Fig. 1. There is a single root SCC. It should be therefore sufficient to measure
one of the three variables to estimate the states of the system. However, this is not correct since the symbolic observability
coefficients are equal to 17,3 = 0.88, 1,5 = 1, and 13 = 0.44, respectively.> Rigorously speaking only variable y provides a full
observability. When variable x or z is measured, there is always a domain of the original state space which is not observable,*
meaning that, the states of that domain cannot be estimated. Consequently, the observability of the original dynamics strongly
depends on the variable measured.® The inference diagram does not allow to discriminate the observability of the original state
space provided by these different variables.
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Figure 1. Inferenc.e diagrgm of the Rf?ssler system (1). ) Figure 2. Inference diagram of the 5D rational model (2).
Root SCCs are encircled with dashed lines and labeled with Root SCCs are encircled with dashed lines and labeled with
R. R.

The inference diagram of the 5D rational model?
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is shown in Fig. 2. There is a single root SCC. Thus, according to this approach, measuring one of the variables of the system
should be sufficient to estimate the states of the system. This is in strong contradiction with our results since, for instance
when variable x3 is measured, the symbolic observability coefficient is 17,5 = 0.02, thus corresponding to an extremely poor

observability. The situation when variables x, or x4 are measured is only slightly better since Mg = 0.08, and Mg = 0.09,
respectively (note that here observability is considered good® when 1 > 0.75). Our procedure shows instead that at least three
variabels must be measured for having a full observability of the original state space.

The inference diagram of the 9D Rayleigh-Bénard model®

X1 = —0bixi —xox4+ b4xﬁ + b3x3xs — obyxy

X2 = —OXx2 +X1X4 — X2X5 4+ X4X5 —G)C9/2

X3= —0bix3 +xzx4—b4x%—b3X1X5+Gb2xg

X4 = —OX4—X2X3 —X2X5+ X4X5 +GXQ/2

Xs= —0Obsxs+x3/2—x3/2 3)
X6 = —bexg+ x2x9 — X4x9

X7 = —bix7 — Rx1 + 2x5x8 — X4X9

xg = —bixg+ Rx3 — 2x5x7 + X2X9

X9 = —X9 — Rxp + Rxq — 2xpxg + 2x4Xg + X4X7 — X2 X3

is shown in Fig. 3. The high connectivity of this reaction network is such that there is again a single root SCC. Consequently,
according to the inference diagram, any variable of the system should provide a correct estimation of the system states.
Nevertheless, the observability matrix is rank deficient when variables x5, x¢, or x; are measured and the observability is
extremely poor when only of the other variables are measured (nxg =My = 0.03 and My =My =Ty =Mg= 0.04). Again,
the inference diagram does not provide a reliable information. We showed that at least six variables must be measured for
having full observability of this 9D model.
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Figure 3. Inference diagram of the 9D Rayleigh-Bénard
model (3). Root SCCs are encircled with dashed lines and
labeled with R.

The inference diagram of the 13D DNA model’

kpxa (x1 + Bxs + axz)m
Kmp +x2
+ (K7, + ko +kor) (x4 +x10)

X3 = ks — (ke +kgx2)x3 + (kg +ka)x9
x4 = koxoxy — (k7. + ks + ko +ky )xs

Xy =ky—kaxo —

i = ki(xi +Bxs)(1—xs5)  kiexs
Kmi+1—xs5 Knir + x5
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Kowr+1—x7 Kiw +x7

X3 = kweeX1 — (kas +ka + k7x2)xs + (k7, + ka)x10
X9 = ksxopxz — (ksy + ka + kgt )Xo

o = kxoxg — (k7r +ka+ky+ kz/)xlo

_ kaxs(1—x11)

X
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Figure 4. Inference diagram of the 13D DNA model (4).

Root SCCs are encircled with dashed lines and labeled with

R.

— kgxa(x1 +xg) — kgxox3 + (kg + ke )Xo

“

is shown in Fig. 4. There are seven SCC, among which four are root SCCs. According to the inference diagram, measuring
simultaneously variables x¢, x7, x11 and xj; should be sufficient to estimate the states of the 13D DNA model. This is not
confirmed by our results since the observability matrix obtained with four measured variables is always rank deficient. The
inference diagram does not accurately assess the observability of this reaction network.

2 Number of combinations

For a d-dimensional system for which m variables are measured, the number of different vectors which can span the reconstructed

space R? is given by

we= T (o ) (57 ) e (3) =

&)
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is the binomial coefficient providing the number of ways to choose a subset from a set of elements, and (( Z )) =

n+k—1
k
peatedly selected.
For a d-dimensional system for which m variables are measured and m, < m of them are preselected, and for which there
are & pairs of exclusive variables (at least one of each pair must be measured), the number of possible combinations is

e () (W ) () (0

where mq=d—-m—-28 +k—1.

provides the number of ways to choose a subset of k elements from a set of n elements which can be re-

3 Success rate
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Table 1. Symbolic observability coefficients 1 and the corresponding analytical determinant of the observability matrix Det &
for the 3D Rossler system, the 5D Drosophila model, the 9D Rayleigh-Bénard model and, the 13 DNA model. The success rate
for these systems is 100%. The number m of measured variables is also reported.

m  Observability coeff. Det & m  Observability coeff. Det &
3D Rossler system 5D Drosophila model
1 T]y3 =1 1 3 T]X%x3x% =1 —ksko
2 r'xzy =1 1 3 nx%x3x§ =1 kikg
2 Ne, = 1 -1 4 nxlxz)qxﬁ = ko
2 T[yzz =1 -1 4 nxp@mxg =1 —kq
9D Rayleigh-Bénard model 4 Nrsxrs = —ks
b263
nx%x%x%x;;xsm =1 _i nX%X3X4)C5 =1 —ks
— b0 — 2 1% Vsx:
nx%xzx%xi,gxﬁ =1 _ZT 2 nx%xg =0.70 klks |:K3—}3—X3 - (K;H;)z
— 2
7 nx2X4x5x6x%x§X9 =1 —R 13D DNA model
— R —
7 nxzxgxixyﬁx%xg =1 TG , 10 nx%x%x%xuyﬁmxuxlleg - (k7r +hky+ k2’)(k8r + k4)k25
byo
7 nxlxzx%xixSXGm =1 - ZT 10 nxlx%x§x5x6x7x§x1 X12X13 - (k7" ko + ko ) (kSr + k4) (k7r + k4)
— R _ 2
7 nxlx%x4x5x(,X7x§ =1 TG 10 nx%x2x§x5x6x7x§x“x12xl3 - (k7r+k4) (k8r+k4)
_ byo? _ 2
7 M83xpxsx607 = 1 —r 10 M2 2 xsxsxgerduyxin; — — (k7 +ka)”(ksr +ke')
byo?
7 nx%x2x3x£x5x6x8 =1 - ZT 10 nx%x%xsxﬁxﬂ%xmxl 1X12X13 —kwee (k7r + ko +ky ) (kSr + k4)
byo?
7 nx%xzx%xugéxg =1 - ZTZ 10 nX%X%X%XSXG)Wngl X12X13 (k7r +ka + kyr ) (kSr + k4) (k7r + k4)
byo
7 nx%x%x3x4x5x6x8 =1 ZT 11 nx%x2x§X4x5x6X7x10xl1x12x13 = (kgr +k4)k25
8 T xoxgxsxgxridxg — 1 —R 1 Thdnsrxsxgurion xoxs — (ks + ke )kos
8 nx2x3x4x5x6x%x3x9 =1 —R 11 nmx%x_%x5x6x7x8x10m 1X12%13 - (k7r +ky+ k2’ ) (k8r + k4)
— [¢) —
8 nX1X2x3Xix5XGX7Xg - 2 11 nx%x2x§X5x6x7x8x10x11x12x13 - (k7r +k4)(k8r =+ k4)
8 nx1x2x§x4xsx6x7x9 = byo 1 n"%x%x,?xsxtsxﬂsxloxl1x12X13 = - (k7r + k4) (kSr + k@)
8 M xxpnsxgrsry = 1 byo 11 nxzxgxztx,sxoxﬂ%xlom1X12X13 = Kwee (ksr —ka)
— [} —
8 nX1X%X3X4X5x6X7X8 - 5 47 2 1 1 nX%X3X4X5x6X7X§X10X11X12xl3 - kWCC (k8r + k6/)
bs0
5 nx%xzx%xiXS =0.90 - ZT ()C2 - )C4) 11 nx%X3xSx6X7x§x‘;x10xl1x12x13 =1 kwee (k7r +ko+ k2’)
_ (kry+ka+ky ) (kgr+ka ) (X120 —1) (k7,+ks)
9 n;:%x%x%xg@mx“x%zxw - 093 2 Kme+1—x12 kcﬁ
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