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Henri Poincaré
(1854-1912)

Restricted three
body problem

➢ Aperiodic solution near homoclinic orbit

➢ Homoclinic entanglement : too complicated to be drawn!

➢ Sensitivity to initial condition

1881

Ordinary differential equations

➢ Solutions investigated as a trajectory in the state space

➢ Solutions structured around the singular points ► Stability analysis

➢ Poincaré section for investigating periodic orbits ► First-return map

➢ Starting with periodic orbits

George Hill
(1838-1914)

➢ Recurrene theorem



David Birkhoff
(1884-1944)

➢ Continuator of Poincaré’s works

➢ Dynamical system

➢ Recurrent behaviors

➢ Ergodic theory

➢ Many-body systems can often be solved analytically!

Enrico Fermi
(1901-1954)

Hamiltonian systems
are in general ergodic!

1927

1923



Stanislaw Ulam
(1909-1984)

Mathematical Analyzer, Numerical Integrator and Computer

Los Alamos

John Pasta
(1918-1981)

Computer expert

Mary Tsingou
(1928-)

1952-1955



Andrei Kolmogorov
(1903-1987)

Under small non-integrable perturbations 
of the Hamiltonian, nearly linear systems

are in general quasi-periodic

1954

ℋ = ℋ0 + ℇ𝑃

ℋ0 is integrable and produces invariant tori

ℋ still has a large set of invariant tori

Jürgen Moser
(1928-1999)

➢ Improve the proof proposed by Kolmogorov

1962

Vladimir Arnol’d
(1937-2010)

➢ He switched from a few-body problem to a map from
the circle to itself (most likely under a suggestion from
Boris Chirikov)

Boris Chirikov
(1928-2008)

1963



Vladimir Arnol’d
(1937-2010)

1963

1962

There are zones of instabilities where the 
separatrices of hyperbolic points intersecting 

each other creates intricate network.

➢ Heteroclinic tangle in the zone
of instability of a Poincaré
section of a circle map

➢ Heteroclinic tangle as drawn by Vladimir Mel’nikov

On lines of force in a magnetic field



Joseph Ford
(1927-1995)

➢ Puzzled by the antagonism between Fermi’s
1927 result and the 1955 simulations by Fermi,
Pasta, Ulam and Tsingou…

➢ Check that only periodic or quasi-periodic
motions are found

1963



Atlanta, 1973: 
Morizaku Toda and his wife,
Joseph Ford, X, & Giulio Casati

➢ Chain of particles

𝑚 ሷ𝑢 = −𝜙′ 𝑢𝑛 − 𝑢𝑛−1
=𝑟

+ 𝜙′ 𝑢𝑛 − 𝑢𝑛−1

with 𝜙 𝑟 =
𝑎

𝑏
𝑒−𝑏𝑟 + 𝑎𝑟 + const.

➢ Fully integrable

1973

1967
Morizaku Toda

(1917-2010)



Michel Hénon
(1913-2013)

at the Institut of Astrophysics in Paris

1955

Carl Heiles
(1939-)

ሶ𝑥 = 𝑉𝑥
ሶ𝑉𝑥 = −𝑥 − 2𝑥𝑦
ሶ𝑦 = 𝑉𝑦
ሶ𝑉𝑦 = −𝑦 − 𝑥2 + 𝑦2

The Hénon-Heiles system

ℋ =
𝑉𝑥
2 + 𝑉𝑦

2

2
+
𝑥2 + 𝑦2

2
+ 𝑥2𝑦 −

2

3
𝑦3

=𝒰(𝑥,𝑦)

derived from the Hamiltonian

1964



➢ This trajectory is ergodic

George Contopoulos



21 Juin 1965

ቐ

ሶ𝑥 = 𝐴 sin 𝑧 + 𝐶 sin 𝑦
ሶ𝑦 = 𝐵 sin 𝑥 + 𝐴 cos 𝑧
ሶ𝑧 = 𝐶 sin 𝑦 + 𝐵 cos 𝑥

Suggested example
A stationary flow for a perfect fluid

𝑉⋀ ∇ ∧ 𝑉 = ∇𝛼

∇ ∙ 𝑉 = 0

𝛼 = 𝑃 +
1

2
𝜌𝑉2

You will find below a method for 
designing canonical maps 𝑇 suitable

for numerical experiments.



Michel Hénon
(1913-2013)

ቐ

ሶ𝑥 = 𝐴 sin 𝑧 + 𝐶 sin 𝑦
ሶ𝑦 = 𝐵 sin 𝑥 + 𝐴 cos 𝑧
ሶ𝑧 = 𝐶 sin 𝑦 + 𝐵 cos 𝑥

𝐴 = 3

𝐵 = 2
𝐶 = 1

31 Janvier 1966



Boris Chirikov
(1928-2008)

➢ A criterion for stochasticity

∆𝜔𝑟

∆𝑑

2

> 1
∆𝜔𝑟 frequency width of the unperturbed resonance

∆𝑑 difference between the frequencies of two
unperturbed resonances

➢ Larmor rotation of charged particles

1959

1966

➢ Application to the Fermi-Pasta-Ulam-Tsingou problem

Felix Izrailev
(1928-2008)



Joseph Ford
(1927-1995)

𝐸 = 0.09 𝐸 = 0.10 𝐸 = 0.14

➢ Chaotic sea in the Fermi-Pasta-Ulam-Tsingou problem

1969



Boris Chirikov
(1928-2008)

Theory of Nonlinear resonance and stochasticity

The standard map

1969

1973

➢ Toulouse, 1973, September 10-14



Christian Mira

ቊ
𝑥𝑛+1 = 𝑦𝑛 + 𝐹 𝑥𝑛
𝑦𝑛+1 = −𝑥𝑛 + 𝐹 𝑥𝑛+1

𝐹 𝑥𝑛 = 𝜇𝑥𝑛 + 1 − 𝜇 𝑥𝑛
3

𝜇 = 0.0198

➢ A 2D map

with

➢ Heteroclinic tangle

➢ Toulouse, 1973, September 10-14



Christian Mira

൝
𝑥𝑛+1 = 𝑦𝑛 + 𝐹 𝑥𝑛 + 𝛼 1 + 𝑎𝑦𝑛

2

𝑦𝑛+1 = −𝑥𝑛 + 𝐹 𝑥𝑛+1

𝐹 𝑥𝑛 = 𝜇𝑥𝑛 +
2 1 − 𝜇 𝑥𝑛

2

1 + 𝑥2

➢ Another 2D map

with

𝜇 = 0.125

𝛼 = 5 ∙ 10−3

𝑎 = −29.40

➢ Toulouse, 1973, September 10-14

𝜇 = 0.125

𝛼 = 10−4

𝑎 = −32.00



➢ Toulouse, 1973, September 10-14



➢ Toulouse, 1973, September 10-14


